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Vertical plateAbstract A numerical analysis is performed to study the unsteady magnetohydrodynamic convec-
tive ﬂow of heat and mass transfer of a viscous, incompressible, electrically conducting Newtonian
ﬂuid along a vertical permeable plate in the presence of a homogeneous ﬁrst order chemical reaction
and taking into account thermal radiation effects. The porous plate was subjected to a constant suc-
tion velocity with variable surface temperature and concentration. The governing coupled non-
linear boundary layer partial differential equations were solved by an efﬁcient and unconditionally
stable ﬁnite element method based on Galerkin weighted residual approach. A representative set of
computational results for the velocity, temperature and concentration proﬁles as well as Local skin-
friction coefﬁcient, Local Nusselt number and Local Sherwood number are presented graphically
for various governing parameters such asM;R;Ec;Sc; and K. In the present analysis various com-
parisons with previously published work are performed and the results are found to be in a good
agreement.
ª 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The phenomenon of heat and mass transfer is observed in
buoyancy induced motions in the atmosphere, in water bodies,
quasi-solid bodies such as earth and so on. The oscillatory free
convective ﬂows play an important role in chemical engineer-
ing turbo-machinery and aerospace technology. The study ofsuch ﬂow was initiated by Lighthill [1] who studied the effects
of free oscillations on the ﬂow of a viscous incompressible ﬂuid
past an inﬁnite plate. The theory was extended for free convec-
tion boundary layers along a semi-inﬁnite vertical plate by
Nanda and Sharma [2]. In several practical applications of
heat transfer theory to the vertical plate problems there exists
signiﬁcant temperature difference between the surface of the
hot plate and the free stream. This temperature difference
causes density gradients in the ﬂuid medium and in the pres-
ence of a gravitational body force, free convection effects
become important. Analytical solutions for heat and mass
transfer by laminar ﬂow of a Newtonian, viscous, electrically
conducting and heat generating or absorbing ﬂuid on a
662 C.S. Balla, K. Naikoticontinuously vertical permeable surface in the presence of a
radiation, a ﬁrst-order homogeneous chemical reaction and
the mass ﬂux are reported by Ibrahim et al. [3]. An exact anal-
ysis of unsteady natural convection ﬂow of viscous ﬂuid past
an oscillating plate with Newtonian heating is presented by
Hussanan et al. [4]. Flow of electrically conducting ﬂuid past
a vertical plate is a widely studied problem in ﬂuid dynamics.
The fact that magnetic ﬁeld has profound inﬂuence on bound-
ary layer ﬂow of an electrically conducting ﬂuid, has attracted
the attention of researchers due to its various applications in
plasma physics, nuclear science, engineering design and space
dynamics. Such ﬂows are termed as MHD ﬂows in the broader
sense and abundant literature reviews are available concerning
MHD convective ﬂow of ﬂuid past a vertical plate. Unsteady
mixed convection MHD ﬂow past a vertical porous plate has
been studied widely because of its importance in aeronautics,
missile aerodynamics, etc. When the difference between the
wall temperature and the ambient ﬂuid temperature is quite
appreciable, it causes free convection currents to ﬂow in the
boundary layer and consequently the skin-friction and rate
of heat transfer at the walls are affected. The problem of mag-
netohydrodynamic natural convection about a vertical imper-
meable ﬂat plate is presented by Sparrow and Cess [5] and
Wilks and Hunt [6].
Many engineering applications such as nuclear reactor
safety, combustion systems, solar collectors, metallurgy and
chemical engineering possess many transport processes in
which there is a simultaneous heat and mass transfer as a result
of joint action of the buoyancy forces from both thermal dif-
fusion and diffusion of chemical species. Combined heat and
mass transfer problems with chemical reaction are important
in many processes and have, therefore, received a considerable
amount of attention in recent years. In processes such as dry-
ing, evaporation at the surface of water body, energy transfer
in a wet cooling tower and the ﬂow in a desert cooler, heat and
mass transfer occur simultaneously. Chemical reactions can be
classiﬁed as either heterogeneous or homogeneous processes.
In well-mixed systems, the reaction is heterogeneous, if it takes
place at an interface and homogeneous, if it takes place in solu-
tion. A reaction is known to be of ﬁrst order if the rate of reac-
tion is directly proportional to the species concentration [7].
Fairbanks and Wike [8] studied the effects of chemical reaction
and diffusion in an isothermal laminar ﬂow along a soluble ﬂat
plate. Das et al. [9] reported the effects of chemical reaction
and mass transfer on ﬂow past an impulsively started inﬁnite
vertical plate with constant heat ﬂux. Takhar et al. [10] inves-
tigated the ﬂow and mass diffusion of chemical species with
ﬁrst-order and higher order reactions over a continuously
stretching sheet with the magnetic ﬁeld effect.
Muthucumaraswamy [11] studied the effects of a chemical
reaction on a moving isothermal vertical inﬁnitely long surface
with suction. Loganathan et al. [12] investigated the effects of
homogeneous ﬁrst order chemical reaction and mass diffusion
on unsteady ﬂow past an impulsively started semi-inﬁnite ver-
tical plate with variable temperature in the presence of thermal
radiation. Heat and mass transfer for an electrically conduct-
ing ﬂuid ﬂow under the inﬂuence of magnetic ﬁeld are consid-
ered to be of signiﬁcant importance due to its applications in
many engineering problems such as nuclear reactors and those
dealing with liquid metals. A large amount of research work
has been done in the ﬁeld of chemical reaction, heat and mass
transfer. Unsteady heat and mass transfer by free convectiveMHDmicropolar ﬂuid ﬂow with chemical reaction in the pres-
ence of heat generation is studied by Olajuwon and Oahimire
[13]. Recently, ﬁnite difference analysis of MHD convective
heat and mass transfer in the presence of ﬁrst order chemical
reaction and thermal radiation was performed by Sahin
Ahmed et al. [14]. A study on non-linear hydro magnetic ﬂow,
heat and mass transfer over an accelerating vertical surface
with internal heat generation and stratiﬁcation effects is car-
ried by Kandasamy et al. [15]. The unsteady boundary layer
magnetohydrodynamic free convection ﬂow past an oscillating
vertical plate is analysed by Hussanan et al. [16] and Khalid
et al. [17].
Usually the dissipation in ﬂuid dynamics, we mean dissipa-
tion of energy. In the viscous ﬂuid ﬂows, the velocity of the
ﬂuid will take energy from the motion of the ﬂuid (Kinetic
Energy) and transform into internal energy of the ﬂuid. This
means heating up of the ﬂuid. This process is irreversible
and is referred to be dissipation or viscous dissipation. In addi-
tion, important viscous dissipation effects may also be present
in stronger gravitational ﬁelds and in processes wherein the
scale of the process is very large, e.g. on larger planets, in large
masses of gas in space, and in geological processes in ﬂuids
internal to various bodies. The effects of viscous dissipation
in natural convection were studied by Gebhart [18].
Considering the effects of viscous dissipation and pressure
stress work of the ﬂuid, the steady laminar boundary layer ﬂow
along a vertical stationary isothermal ﬂuid was studied by
Pantokrataras [19]. A study on MHD free convective ﬂow of
an incompressible viscous dissipative ﬂuid in an inﬁnite verti-
cal oscillating plate with constant heat ﬂux has been carried
by Kishan et al. [20]. Effects of viscous dissipation over a
stretching surface were studied by Kishan and Amrutha [21]
and Kishan and Dessie [22].
2. Mathematical formulation
A two dimensional, transient, laminar, natural convection ﬂow
of a viscous incompressible ﬂuid past an impulsively started
semi-inﬁnite vertical plate is considered. It is assumed that
there is a ﬁrst order chemical reaction between the diffusing
species and the ﬂuid. Here, the x-axis is taken along the plate
in the vertically upward direction and the y-axis is taken nor-
mal to the plate. Initially, it is assumed that the plate and the
ﬂuid are of the same temperature and the temperature of the
plate and the concentration level are also increased to
Tw ¼ T1 þ axn and Cw ¼ C1 þ bxn. They are maintained at
the same level for all time. The physical conﬁguration and
coordinate system are shown in Fig. 1. One of the body force
term corresponding to an MHD ﬂow is the Lorentz force
J B. Where B is the total magnetic ﬁeld and J is the current
density. Using Ohm’s law the current density is given by
J ¼ rðEþ V BÞ
where r is electrical conductivity of the ﬂuid, E is the electrical
ﬁeld, V is the velocity vector ﬁeld, B ¼ B0 þ b1 in which B0 is
the imposed magnetic ﬁeld and b1 is the induced magnetic ﬁeld.
The current density J with the assumptions E ¼ 0; b1 ¼ 0 and
B ¼ B0 ¼ ð0;B0; 0Þ, where B0 is the strength of applied mag-
netic ﬁeld, modiﬁes to J ¼ rðV B0Þ. Finally the Lorentz
force becomes J B ¼ rB20V, as mentioned by Hayat et al.
[23]. It is assumed that the velocity is in the form V ¼ uðy; tÞi
Figure 1 Physical conﬁguration.
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assumptions, the governing boundary layer equations for free
convective ﬂow with usual Boussinesqs approximation are as
follows:
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þ @v
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@u
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þ u @u
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The initial and boundary conditions are
t 6 0 : u ¼ 0; v ¼ 0; T ¼ T1; C ¼ C1 8x; y
t > 0 : u ¼ u0; v ¼ 0; TðxÞ ¼ T1 þ axn;
CðxÞ ¼ C1 þ bxm at y ¼ 0
u ¼ 0; T ¼ T1; C ¼ C1 at x ¼ 0
u! 0; T! T1; C! C1 as y!1
For the case of an optically thin gray gas the local radiant
absorption is expressed by
@qr
@y
¼ 4arð T41  T4Þ ð5Þ
We assume that the temperature differences within the ﬂow are
sufﬁciently small such that T4 may be expressed as a linear
function of the temperature. This is accomplished by expand-
ing T4 in a Taylor series about T1 and neglecting higher order
terms, thusT4 ﬃ 4 T31 T 3 T41 ð6Þ
In the above equations u and v are the velocity components in
the x and y directions respectively. T is the temperature of the
ﬂuid in the boundary layer, T1 is the temperature far away
from the plate, C is the concentration of the ﬂuid in the bound-
ary layer, C1 is the concentration far away from the plate, t is
the time, g is the acceleration due to gravity, j is the thermal
conductivity of the ﬂuid, b is the volumetric coefﬁcient of ther-
mal expansion, b is the volumetric coefﬁcient of concentration
expansion, q is the density, l is the dynamic viscosity, m is the
kinematic viscosity, B20 is the magnetic ﬁeld induction, r is the
electrical conductivity, Cp is speciﬁc heat at constant pressure,
D is the diffusion coefﬁcient and K is the rate of chemical
reaction.
On introducing the following non-dimensional quantities,
x ¼ u0x
m
; y ¼ u0y
m
; u ¼ u
u0
; v ¼ v
u0
; t ¼ tu
2
0
m
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D
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u30
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Pr ¼ qmCP
j
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2
0m
qu20
; K ¼ m
K
u20
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bð Cw  C1Þ
u30
; R ¼ 16am
2r T31
ju20
; Ec ¼ u
2
0
Cpð Tw  T1Þ
Here Sc is the Schmidt number,M is the magnetic ﬁeld param-
eter, Pr is the Prandtl number, R is the radiation parameter and
Gr and Grm are the modiﬁed Grashof numbers related to
temperature and concentration respectively. K is the chemical
reaction parameter and Ec is the Eckert number. Eqs. (1)–(4)
are reduced to the following non-dimensional form:
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The corresponding initial and boundary conditions in non-
dimensional form are
t 6 0 : u ¼ 0; v ¼ 0; h ¼ 0; / ¼ 0 8x; y
t > 0 : u ¼ 1; v ¼ 0; h ¼ xn; / ¼ xm at y ¼ 0
u ¼ 0; h ¼ 0; / ¼ 0 at x ¼ 0
u! 0; h! 0; /! 0 as y!1
ð11Þ
Local skin friction, local Nusselt number and local Sherwood
number are given respectively by
Table 1 Comparison of values of velocity for M ¼ 0; R ¼ 1:5; K ¼ 0:5; Sc ¼ 0:78; m ¼ n ¼ 0:7; Ec ¼ 0 and Pr ¼ 0:71.
Loganathan et al. [12] Sahin Ahmed et al. [14] Present work
y Gr ¼ Grm ¼ 5 Gr ¼ Grm ¼ 10 Gr ¼ Grm ¼ 5 Gr ¼ Grm ¼ 10 Gr ¼ Grm ¼ 5 Gr ¼ Grm ¼ 10
0 1 1 1 1 1 1
2 1.717228 1.87441 1.717183 1.874381 1.717219 1.874403
4 0.193744 0.248211 0.19367 0.248146 0.193708 0.248184
6 0.052325 0.057653 0.052321 0.057638 0.052317 0.057657
8 0.012958 0.01292 0.012943 0.012905 0.012941 0.012918
10 0.003152 0.00283 0.003147 0.002814 0.003148 0.002821
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Figure 2 (a) Velocity, (b) Temperature and (c) Concentration contours for M= 0, 2, 5.
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Figure 3 (a) Velocity, (b) Temperature and (c) Concentration contours for R= 0, 5, 10.
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@y
 
y¼0
; Nux ¼ x @h
@y
 
y¼0
; Shx ¼ x @/
@y
 
y¼0
ð12Þ3. Method of solution
The dimensionless partial differential Eqs. (8)–(10) subject to
the boundary conditions (11) are solved by weighted residual
Galerkin ﬁnite element method. In weighted residual approach
the unknowns are replaced by approximate trial solution
which in the context of a discretized domain are given by poly-
nomial relationships to obtain the residuals. These residuals
are then multiplied by weight functions and their integrals over
an element domain are set to be zero.Let the approximate solutions of u; h; / are.
u ¼
X3
i¼1
uini; h ¼
X3
i¼1
hini; / ¼
X3
i¼1
/ini
where ni are the linear interpolation functions for a triangular
element. _u; _h and _/ are the time derivatives of u; h and /
respectively.
The Galerkin ﬁnite element model for a typical element Xe
is given by
½L 0 0
0 ½L 0
0 0 ½L
2
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Figure 4 (a) Velocity contours for Ec = 0.1, 0.2, 0.3 (b) Temperature and (c) Concentration contours for Ec= 0.01, 0.1, 0.2.
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Figure 5 (a) Velocity, (b) Temperature and (c) Concentration contours for K= 0, 1, 3.
Radiation effects on unsteady MHD convective heat and mass transfer 667Time derivative terms are approximated using the Crank–
Nicolson scheme. The whole domain is divided into 560 trian-
gular elements of equal size. Each element is three nodded,
therefore whole domain contains 319 nodes. Each element
matrix is of order 9 · 9, since at each node three functions
are to be evaluated. Hence after assembly of the elemental
equations, we obtain a system of 957 non-linear coupled equa-
tions. To linearize the system of equations the functions U; h
are incorporated, which are assumed to be known. After
imposing the boundary conditions a matrix of system of linear
equations of order 810 · 810 is remained. This system has been
solved using Gauss Seidel iteration method.4. Results and discussions
The non-linear partial differential Eqs. (8)–(10) with appropri-
ate boundary conditions given in Eq. (11) are difﬁcult to get an
analytical solution since the equations are highly non-linear
and coupled. These equations are solved using the ﬁnite ele-
ment method based on Galerkin Residual approach. The gov-
erning two dimensional mass, momentum, energy and
concentration equations for unsteady natural convection ﬂow
are solved to study the effects of magnetic ﬁeld parameter
M, radiation parameter R, Eckert number Ec, chemical reac-
tion parameter K and Schmidt number Sc. The MATLAB is
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Figure 6 (a) Velocity, (b) Temperature and (c) Concentration contours for Sc= 0.5, 1, 2.
668 C.S. Balla, K. Naikotiused to run for the computations and the results were pre-
sented for velocity, temperature and concentration proﬁles
graphically. In order to validate the employed MATLAB pro-
gram code for FEM, a comparison of velocity distribution
between the present work and Loganathan [12] and Sahin
Ahmed [14] presented in Table 1. The results are in very good
agreement with the benchmark solution for the range of
parameters considered.
Throughout the discussion, the default values of parame-
ters were taken to be M ¼ 5;R ¼ 3;K ¼ 0:5;Sc ¼ 0:78;m ¼
n ¼ 0:5;Ec ¼ 0:1 and Pr ¼ 0:71 unless speciﬁed. Fig. 2(a)–(c)
illustrate the effects of magnetic ﬁeld on velocity, temperature
and concentration contours respectively. As magnetic ﬁeld
parameter increases the velocity proﬁle decreases.
Application of a uniform transverse magnetic ﬁeld normal tothe plate along the ﬂow gives rise to resistive force that acts
in the direction opposite to that of the ﬂow. This force is called
the Lorentz force. This resistive force tends to slowdown the
motion of the ﬂuid and hence it decreases the momentum
boundary layer. The magnitude of maximum velocity and
boundary layer thickness decreases with the effect of magnetic
ﬁeld parameter. The effect of magnetic ﬁeld parameter is to
enhance the temperature and concentration proﬁles.
Fig. 3(a)–(c) represent the effect of radiation parameter on
velocity, temperature and concentration contours respectively.
From the ﬁgure it is noticed that an increase in radiation
parameter reduces the velocity. The effect of thermal radiation
parameter is important in temperature proﬁles. It is observed
that the temperature decreases with the increasing of radiation
parameter. It can also be seen that the thermal boundary layer
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Figure 7 Effects of (a) M (b) R (c) K on Local skin-friction coefﬁcient along x-coordinate.
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Figure 8 Effects of (a) R (b) Ec (c) Pr on Local Nusselt number along x-coordinate.
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Figure 9 Effects of (a) R (b) K (c) Sc on Local Sherwood number along x-coordinate.
Radiation effects on unsteady MHD convective heat and mass transfer 669decreases rapidly with the effect of radiation parameter. The
concentration decreases with the increasing of radiation
parameter and hence there is an enhance in boundary layer
thickness.
The velocity, temperature and concentration proﬁles for the
effect of Eckert number Ec are displayed in Fig. 4(a)–(c)
respectively. From the ﬁgures it is clear that as Ec increases
the velocity enhances. The effect of Ec is to rise the tempera-
ture proﬁle. This ﬂow nature is due to the fact that an increase
in Ec results an increasing viscous dissipation effect whichinduces an increase in temperature. It is observed that the
effect of viscous dissipation is meager for concentration
proﬁles.
The effect of chemical reaction parameter (K= 0,1,3) on
the proﬁles of velocity, temperature and concentration are
shown in Fig. 5(a)–(c), respectively. From the ﬁgure the trend
shows that with the increase of chemical reaction parameter K
the velocity decreases in case of K > 0 or a destructive chemi-
cal reaction i.e., heat is absorbed. This shows that velocity
decreases in a destructive chemical reaction. It is observed that
670 C.S. Balla, K. Naikotithe temperature increases with the increase of chemical reac-
tion parameter. The effect of K play an important role in the
concentration ﬁeld. The effect of K is dominant in the concen-
tration ﬁeld. There is a fall in concentration due to increasing
the values of the K. The trend shows that the concentration
values decreases with the increase of K during a destructive
chemical reaction. It is also noticed that the wall concentration
decrease with the increasing the values of K. In addition, the
concentration boundary layer thickness decreases with the
increasing K.
Fig. 6(a)–(c) depict the velocity, temperature and concen-
tration proﬁle for various values of Schmidt number Sc. The
velocity decreases with the increase of Sc whereas the temper-
ature increases with the increase of Sc. The concentration
decreases with the increase of Sc. It can also be seen that from
the above ﬁgures the momentum boundary layer thickness
decreases with an increasing Sc whereas the thermal boundary
layer becomes thin for smaller values of Sc. With increasing Sc
the velocity is depressed through the boundary layer i.e., the
ﬂow is retarded. High Sc values will physically correspond to
a decrease of molecular diffusivity of the ﬂuid causing a
decrease in the rate of species diffusion. Lower Sc values will
exert the reverse inﬂuence since they correspond to higher
molecular diffusivities. Therefore the concentration boundary
layer thickness considerably decreases with the increase of Sc.
The local values of the skin-friction sx are displayed in the
Fig. 7(a)–(c) for the effects of M;R and K respectively. The
local skin-frictions are evaluated from the Eq. (12) at the wall
y= 0 and plotted along x-coordinate. From these ﬁgures it
can be seen that the local wall shear stress decreases with the
increase of M. It is also observed that the effects of R;K are
to decrease the values of sx. The local Nusselt number Nux ver-
sus x-axis (at y= 0) is plotted in Fig. 8. The effects of R and
Pr are to increase the local Nusselt number values whereas the
effect of Ec is to decrease the local Nusselt number values. The
effects of the parameters R;K and Sc are plotted along the x-
axis at y= 0 (Fig. 9). The effects of K;Sc are to increase the
values of local Sherwood number whereas that of R is to
decrease local Sherwood number.5. Conclusions
The unsteady natural convection ﬂow of a viscous, incom-
pressible, Newtonian ﬂuid past an impulsively started
semi-inﬁnite vertical plate with variable temperature and mass
diffusion under the inﬂuence of applied magnetic ﬁeld, ﬁrst
order chemical reaction, radiation and viscous dissipation is
investigated. The governing partial differential equations are
solved using ﬁnite element method. Comparisons with
previously published work on special cases of the problem
were performed and found to be in good agreement. As a
result, the following are determined:
 The velocity proﬁle decreases with the magnetic ﬁeld
parameter M, radiation parameter R, chemical reaction
parameter K and Schmidt number Sc and increases with
Eckert number Ec.
 The temperature proﬁle increases with M ;Ec;K and Sc and
decreases with R.
 The concentration proﬁle decreases with R;K and Sc and
increases with M. The increase in M ;R and K decreases Local skin-friction
coefﬁcient sx.
 The increase in R and Pr increases the Local Nusselt num-
ber Nux. But the increase in Ec decreases Nux.
 The increase in K and Sc increases the Local Sherwood
number Shx. But the increase in R decreases Shx.References
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